5.1 Introduction

This chaptet describes the adding-doubling method for solving the radiative transport equation. The advantages and
disadvantages of the method are presented, followed by sections describing its theory and computer implementation.
A detailed example is given with intermediate numerical results. Accurate tables with values of reflection and trans-
mission for slabs of varying thicknesses with mismatched boundaries are given.

51.1 Goal

The goal is to develop a model that generates fast and accurate estimates of light distributions in any biological tissue.
Such a model should generate internal fluence rates as well as the amount of light reflected or transmitted. An accurate
model could serve as a “gold standard” for evaluating less accurate models (e.g., Kubelka-Munk, diffusion), and to
verify Monte Carlo implementations. Finally, a fast and accurate model could serve as the cornerstone of a technique
to derive intrinsic optical properties from measurements of reflection and transmission [1, 2].

Since this fast and accurate model is intended for light propagation in biological tissues, the particular features
associated with this medium must be incorporated:

e There should be no restriction on the ratio of scattering to absorption, since the ratio varies from nearly zero in
the both the ultraviolet £ 300 nm due to protein absorption) and the mid-infrared {300 nm due to water
absorption) to large values in the therapeutic window in the red and near-infrared [3, 4].

e There should be no restrictions on the scattering anisotropy, since tissue scattering tends to be strongly forward-
peaked (0.7-0.99) [4, 5].

¢ Internal reflection at boundaries should be included, since air-tissue interfaces are common.

If we neglect any wave phenomena associated with light (e.g., diffraction, interference), then modeling light propaga-
tion in tissue is essentially equivalent to solving the full time-dependent radiative transport equation [6, 7]. Analytic
solutions to this general equation are not available and the only accurate numerical solutions are based on slow Monte
Carlo techniques [8, 9].

5.1.2 Assumptions
The following assumptions make the radiative transport equation more tractable
e no time dependence,
e ageometry consisting of uniform layers of finite thickness and infinite extent in directions parallel to the surface,
e tissue layers with uniform scattering and absorbing properties, and
¢ uniform illumination by collimated or diffuse light.

In general these assumptions restrict the type and shape of the tissue sample, but do not contradict the known light
propagation behavior of tissue. A model that only makes these assumptions will retain relevance to many tissue optics
problems. If these assumptions are not valid, say when beam spreading from a finite source is important, then the
fluence rates can be accurately calculated using the Monte Carlo method [10].
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5.1.3 Why Adding-Doubling?

Since the light propagation model must accurately simulate samples with arbitrary scattering to absorption ratios,
anisotropic scattering and boundaries, no analytical and few numerical options exist. Common approximations like
the diffusion equation [11], random walk models [12], Kubelka-Munk [13], the seven-flux model [14], and Chan-
drasekhar'sX andY functions [15] place restrictions on one or more of the basic tissue properties. Two meth-
ods, discrete ordinates [16] and adding-doubling [17], allow accurate solution of the radiative transport equation for
anisotropic scattering and mismatched boundaries. Adding-doubling works naturally with layered media and yields
reflection and transmission readily, while discrete ordinates generates internal fluences easily. We select the adding-
doubling method because reflectance is important for diagnostic applications using light. Furthermore when measuring
the optical properties of a sample, the only values needed are the total reflection and transmission of the sample [1].

5.1.4 General Description

The doubling method assumes knowledge of the reflection and transmission properties for a single thin homogeneous
layer. The reflection and transmission of a slab twice as thick is found by juxtaposing two identical slabs and summing
the contributions from each slab [17, 18]. The reflection and transmission for an arbitrarily thick slab are obtained
by repeatedly doubling until the desired thickness is reached. The adding method extends the doubling method to
dissimilar slabs, thereby allowing one to simulate media with different layers and/or internal reflection at boundaries.

The doubling method was introduced by van de Hulst for solving the radiative transport equation in a slab geometry
[19]. The advantages of the adding-doubling method are that only integrations over angle are required, physical
interpretation of results can be made at each step, the method is equivalent for isotropic and anisotropic scattering,
and results are obtained for all angles of incidence used in the integration [20]. The disadvantages are that it is (a)
awkward to calculate internal fluences, (b) restricted to layered geometries with uniform irradiation, and (¢) necessary
that each layer have homogeneous optical properties. In practice, internal fluences are often not needed so (a) is
not a problem. When fluences are needed at a particular depth, they can be calculated by finding the reflection and
transmission matrices for light propagation through the material above that depth as well as the matrices for everything
below. These matrices are used in (5.24) and (5.25) to find the upward and downward radiance at the interface between
these layers. The fluence follows directly once the radiance as a function of angle is known. Items (b) and (c) place
restrictions on the sample geometry — the samples must have homogeneous layers and be uniformly illuminated (e.g.,
finite beam irradiance is not allowed nor any situation causing variation in the light field perpendicular to the direction
of propagation.) The adding-doubling method is well-suited to iterative problems because it provides accurate total
reflection and transmission calculations with relatively few integration points. The method is very fast for small
numbers of integration points, and consequently iteration is practical.

This chapter describes an implementation of the adding-doubling method for solving the radiative transport equa-
tions numerically. Any phase function may be chosen to characterize scattering in the medium and any tissue optical
thickness is possible. The method is accurate for any ratio of scattering to absorption. Tissue layers with different op-
tical properties may be added together to find the reflection and transmission for inhomogeneous layered media. Light
incident on a slab must be azimuthally independent. Boundaries may have varied effects, but only those characterized
by specular Fresnel reflection are discussed.

In this chapter, the details of implementation are gathered from a range of sources so that the reader may implement
the adding-doubling method. The basic equations have been outlined bgRdhsse repeated here for completeness
[18]. One especially tricky area is in the implementation of boundary conditions for mismatched boundaries [1] and
this aspect is treated in detail.

5.2 Theory

The following assumptions are made throughout this chapter: the distribution of light is independent of time, samples
have homogeneous optical properties, the sample geometry is an infinite plane-parallel slab of finite thickness, the
tissue has a uniform index of refraction, internal reflection at boundaries is governed by Fresnel's law, and the light is
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Figure 1: Light incident at an anglé that is reflected and transmitted by a slab at an angle

unpolarized. A non-absorbing layer with a different index of refraction may be present at the boundaries (glass slide).
Finally, the slab is assumed to have no internal sources.

This section has four parts. The first describes the nomenclature and geometries used. The second explicitly gives
the relationship between reflection functi&g’, v) and the reflection matriR;j . The third introduces quadrature as
an integration method. The fourth gives the matrix formulas for combining two dissimilar layers.

5.2.1 Notation

Since the entire discussion that follows assumes azimuthal symmetry, the behavior of a light ray is determined by
the angle it makes with the normal. We use the notatiea cost to specify direction. If the absorption and single
scattering coefficients are denotediyyandus, then the albedo is definedas= us/(us + 1a). The single scattering

phase functiorp(v) is the fraction of light scattered in directianfrom the incident direction. The phase function is
normalized so that

1
p(v)dw = 271/ prydv=1 (5.1)
4 -1

The scattering anisotropyis defined as the average cosine of the phase function over all angles,

1
g= 271/ p(v)vdv (5.2)
-1

The dimensionless optical distaneeis defined ag = (ua + us)d, whered is the physical distance within the
medium.

A cone of light incident at an anghe on an arbitrary turbid slab will backscatter (reflect) and transmit different
amounts of light depending on the angle of departure. We will follow the definition of van de Hulst [17] for the
reflection R(v’, v) and transmissiofl (v/, v) functions. The reflection functioR(v’, v) is defined as the radiance
reflected by the slab in direction for light conically incident from the’ direction (Figure 1). The reflection is
normalized to an incident diffuse flux, This definition has the advantage tlRt’, v) has finite non-zero values
whenv = 0 orv’ = 0 and thereby improves the computational accuracy. Furtherr®gré, v) is the ratio of the



actual reflection function to the reflection function of an ideal white Lambertian surface. The transmission function is
defined similarly.

With this definition of the reflection function, the reflected intensity distributignfor an azimuth-independent
incident intensitylj, is

1
lref(V) = / lin(WHRO', v) 2v'dv (5.3)
0

Both I, andlef have units of power per unit solid angle. To obtain the total reflection for normal irradRyce

1 p1 S(1L—v
R. = / / R, U)Q 2v'dv’ 2vdy
0 0 21)/
1
= / R(L, v) 2vdv (5.4)
0
The total transmission for collimated irradianteis
1
Tc=/ T(1, v) 2vdv (5.5)
0
The total reflectiorRy and total transmissiofy for diffuse irradiance are
1,1
Rd=/ / RO, v) 2v'dv’ 2vdy (5.6)
o Jo
and
1,1
Ty :/ / T, v) 20 dv 2vdy (5.7)
o Jo

5.2.2 Matrix Approximation

Consider a homogeneous slab with isotropic scattedng (.0), a fixed albedog = 0.9), optical thicknessi(= 1),
and matched boundaries. For an infinitely wide beam of light normally incident on this slab the reflection will vary
with the exit angle (Figure 2). The reflection curve can be approximated by the four circles shown in Figure 2. If more
points are used then the approximation will be better. The number of points will be denokddndM = 4 gives
a very fast, reasonably accurate estimate. Four approximation points are used in the sample calculations. (The more
accurate results tabulated at the end of this chapteMuse32.)

The four angles used to approximate the transmission are chosen according to the quadrature scheme used (see the
next subsection). The angles shown in Figure 2 are

V1 0.09 ~ 85°
v2 | | 041 | | ~66
v3 || 079 [ | ~3® (5.8)
V4 1.00 0°
The corresponding reflection values are
R(U4, l)l) 0.37
R(vg, v2) _ | 032
R(vg,v3) |~ | 0.24 (5.9)
R(vg, v4) 0.21

Similar vectors for reflection exist for the other three angles of incidencey, andvs. By combining these into
a single matrix yields the reflection matrix for this particular slab,

166 072 045 037
0.72 052 037 032
R= 045 037 028 024 (5.10)

037 032 024 021
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Figure 2: Reflection from a normally irradiated slab with isotropic scattering, an optical thickness of unity and an
albedo equal to 0.9. The four circles represent quadrature points.

Note that this reflection matrix is symmetri®(vi, vj) = R(vj, vj). The individual entries in the reflection matrix
can be greater than unity because each entry is divided by twice its quadrature angle.

5.2.3 Quadrature
Since the adding-doubling method consists of integrating various combinations of reflection and transmission func-
tions, the integration method is crucial. For example, the total reflection for normal collimated irradiance is given
by
1
R. = / R, v) 2vdv (5.12)
0

This integral may be approximated using quadrature. For example, consider the integration of a flipctiover
the interval(a, b) with a weighting functiorg(x) usingM points

M

b
/ fOOg) dx~ > f(x)wi (5.12)
a

i=1

The integration pointg; and weightsw; are chosen in such a way that the integration will integrate a polynomial of
degree 2 (or possibly M — 2 depending on the method) exactly. The approximatioriRfois

1 M
f R(Lv)2vdv ~ Y " 2vwiRim (5.13)
0 i=1



Boundary O

1 Boundary 1

ANPAN

Figure 3: Nomenclature for the derivation of the adding-doubling equations. A minus sign indicates upward travelling
light and a plus sign downward directed light.

The extension to two arbitrary functions is

1 M
/ A(wV)BO V) 2v'dv ~ ZA” 2vjwjBijk (5.14)
0 i

j=1

This explicitly shows the relation between integration and matrix multiplication: the only difference being the factor
of 2vjwj that must be included,

M 1
AB =) Aj2vjwiBj ~ /O Aw)BO, v") 2v"dV’ (5.15)
j=1

The identity matrixe for matrix multiplication of this type is

1
Eij = —ij 5.16
g 2v; wj 1 ( )
Hered;j is the Kronecker delta. Grant and Hunt have shown that an algebra based on this implied multiplication is a
semi-group [21,22], and have proven that all manipulations that follow are valid.

5.2.4 Matrix Relations for Adding Layers

This derivation follows Plasst al.[18] with the terms representing internal light sources omitted for clarity. Define
T'MandR"™M as the transmission and reflection operators for light incident omsiatel moving towards sida of a
slab. Homogeneous tissues have no preferred direction afl"se= T™" andR"™ = R™", As in Figure 3, let the
vectorL %+ (v) denote the radiance incident from on side 0 in a downward direction (indicated ky) thest L1~ (v)
denote the radiance incident on side 1 in an upward direction (indicated by)tt@imilarly defineL?~ andLt as
the radiance exiting from sides 0 and 1 respectively.

The downward radiance from side 1 is the sum of the transmitted incident radiance from side 0 and the reflected
radiance from side 1,

The upward radiance from side 0 is the transmitted radiance from side 1 and the reflected radiance from side 0
L0~ = ROILO+ 4 110 - (5.18)



Analogous formulas apply to a layer with sides 1 and 2
L2+ — T12) 1+ | R2Y 2- (5.19)
L1 = R 4 7214 27 (5.20)
Juxtaposition of layers (01) and (12) yields a combined layer (02). The equations for the layer with sides 0 and 2 are
L2+ = 102 O+ 4 R20] 2- (5.21)

L0~ = RO O+ 4 120 2- (5.22)

Presumabily, the reflection and transmission operators for the (01) and (12) layers are known. To express reflection
and transmission operators for the (02) layer in terms of the individual layers we left multiply Equation (5R% by
and add it to Equation (5.20) to get

(E — RIZRIOLI™ = RIZTOLOF 4 721 2= (5.23)

Solving forL1~ yields
L1- — (E — RI2RI0)-L(RI2TOY O+  T21 2-) (5.24)

This equation expresses the upward radiance at the interface between two layers. An equation for the downward
mid-layer radiance can be obtained by left multiplying Equation (5.203%yand adding it to Equation (5.17)

LY = (E — RIOR1)~1(TOL O+ 4 Q10721 2-) (5.25)

Substituting Equation (5.25) into Equation (5.19) yields

L2+ — [TlZ(E _ RlORlz)*lTOI] L O+
+ [TlZ(E _ RI0R12)-1R10T2L | R21] L2- (5.26)
Comparing this with Equation (5.21) indicates

T02 _ T12(E _ RI0R12)-1701 (5.27)
R20 — T12(E _ RI0R1?)-1R10T21 | R2L (5.28)
Similarly Equation (5.24) can be substituted into Equation (5.18) and compared to Equation (5.22) to obtain
T20 _ T10E _ R12R10)-1721 (5.29)

RO — T10(E — R12R10)-1R12T01 4 RO1 (5.30)

Equations (5.27)—(5.30) define the reflection and transmission operators for a combined layer in terms of the
operators for each individual layer. Repeatedly using these equations allows the reflection and transmission of an
arbitrary layered sample. If the internal radiance required, then the sample is divided into two pieces at the depth at
which the radiance is wanted. After calculating the reflection and transmission properties of both pieces, the internal
radiance is found using Equations (5.24) and (5.25).

The equations given above are entirely appropriate if the direct beam coincides with one of the quadrature angles.
If this is not true, then the equations for doubling become more complex. Equations with separate terms for primary
and scattered light are given in Hansen and Travis [23] and van de Hulst [17].



5.3 Implementation

The implementation of the the adding-doubling method for calculating the reflection and transmission of a turbid slab
in a medium with a different index of refraction consists of the following steps

e Choose quadrature scheme [1]

e Generate starting layer [24]

e Generate boundary layers [25]

e Double starting layer until desired thickness is reached [17]

Add boundary layers to this [18]

e Calculate reflection and transmission [18]

5.3.1 Quadrature

Nearly every integration in the adding-doubling method is over the range zero to one. Three quadrature methods
which naturally span this range and have the desired weighting function are Gaussian, Lobatto, and Radau [15, 26, 27].
These methods have nearly equal accuracy [18], but vary in whether or not the endpoints of integration are included as
guadrature points. The specific choice of quadrature methods is determined by the boundary conditions. In Gaussian
guadrature, neither endpoint (0 or 1) is included. In Lobatto quadrature both endpoints are included. In Radau quadra-
ture, one quadrature point may be specified and neither endpoint need be included. To avoid extrapolation/interpolation
errors, thev = 1 endpoint (normal incidence) is usually chosen as a quadrature angle.

Internal reflection at the boundaries (due to mismatched indices of refraction) is included in the calculation by
adding an additional layer for each mismatched boundary. The reflection and transmission of this layer is one and
zero, respectively, for light incident at angles greater than the critical angle. This changes the effective range of
integration. If the cosine of the critical angle is denotedvpyor a boundary layer with total internal reflection, then
the effective range of integration is reduced downddo 1 (because the rest of the integration range is now zero).

To maintain integration accuracy, the integral is broken into two parts and each is evaluated using quadrature over the
specified subrange,

1
/ AW, V)YBW, v 2v'dv
0
Ve
= / A, v)BO, v 2v'dv
0
1
+ / A, vV)BW,v") 2v'dv’. (5.31)
Ve

Here A(v, v") andB(v, v') represent reflection or transmission functions, and clearly if either is identically zero for
values ofv less thany, the integration range is reduced. The calculations in this paper used Gaussian quadrature [28]
for the range from 0 te, thereby avoiding calculations at both endpoints (in particular, the angléd is avoided,
which may cause division by zero). Radau quadrature is used for the rangecftort, sov = 1 could be specified
as a quadrature point [27]. Each part of the integration range gets half of the quadrature points; when no critical angle
exists, Radau quadrature is used over the entire range.

Radau quadrature requires finding theoots of the following equation [27].

i — 1 12
Pro1(X) + XT ' (X) =0 (5.32)



Figure 4: Nomenclature for derivation of subtended angle.

Here Py(x) is thenth Legendre polynomial of order zero afj_, (x;) is the first derivative of th@ — 1 Legendre
polynomial. These roots are the required quadrature points for the integration range -1 to 1. To modify for the range
vc to 1 the following relations are needed to find the necessary integration angled weightsw;

1+ve— (1 —ve)X
2

w = 1=ve (5.33)

(L —xi),/Pl_1(X%)

Thenth integration angley, corresponds witlx, = —1 (hormal incidence).
Then integration points for Gaussian quadrature for the interval -1 to 1 are the roots of

Vi =

Pa(x) =0 (5.34)
The required adjustment for the integration range 0.t

_ 2\)(;
A= xAPL)]?

= ”—2°(1— x) and  w (5.35)

An algorithm which takes advantage of the many properties of orthogonal polynomials to find all the roots of a
particular Legendre polynomial is given by Presal.[28].

5.3.2 The Redistribution Function

The single scattering phase functipw) for a tissue determines the amount of light scattered at an angleos
from the direction of incidence. The dot product of the unit vecipends; associated with the incident and scattered
light directions

§ -5 =15]15j] cosd =v (5.36)

can be used to relate to the angles) andv; (see Figure 4). If the inward normal to the slab is parallel to the
z-axis and§ lies in thexzplane, then§ = (sing;,0,cos6) = (,/1— viz, 0,vi). If ¢ is the azimuthal angle



from the positivex-axis to the projection o§; onto thexy-plane, ther§; = (sind; cosg, sind;j sing, coshj) =
(,J1- sz cose, /1 — vjz sing, vj). The subtended angleis then given by the dot product

v:vivj+‘/1—vi2,/1—vjzcos¢ (5.37)

The redistribution functiorhjj determines the fraction of light scattered from an incidence cone with angle
into a cone with angle;. The redistribution function is calculated by averaging the phase function over all possible
azimuthal angles for fixed anglesandvj,

2
h(vi,vj-):% 5 P(Vi V] +\/1—vi2,/1—vj2cos¢)d¢ (5.38)

Note that the angleg andvj may also be negative (light travelling in the opposite direction). The full redistribution
matrix may be expressed in terms & 2 matrix of M x M matrices

h=—= h=*
h:[h+_ h++] (5.39)
The first plus or minus sign indicates the sign in front of the incident angle and the second is the sign of the direction
of the scattered light.
When the cosine of the angle of incidence or exitance is unpjty=(1 orv; = 1), then the redistribution function

h(1, vj) is equivalent to the phase functiggv;). In the case of isotropic scattering, the redistribution function is a

constant
h(vi, vj) . 1

=p)=—. (5.40)
47 47
For Henyey-Greenstein scattering, the redistribution function can be expressed in terms of the complete elliptic integral
of the second kindE (x) [29]
2 1—¢? 2y
h(vi,vi) = = E 5.41
V) = e ey ( oc+y> (5.41)

whereg is the average cosine of the Henyey-Greenstein phase function and

a=1+¢"—2guvj and y=29,/1—vZ/1-v? (5.42)

The functionE(x) may be calculated using algorithms found in Pretsal. [28].

Other phase functions require numerical integration of Equation (5.38). If the phase function is highly anisotropic,
then the integration over the azimuthal angle is particularly difficult and care must be taken to ensure that the integra-
tion is accurate. This is important because errors in the redistribution function enter directly into the reflection and
transmission matrices for thin layers. Any errors will be doubled with each successive addition of layers and small
errors will rapidly increase.

An alternate way to calculate the redistribution function isd# method [30]. This method works especially
well for highly anisotropic phase functions. The number of quadrature points is specifigd Bhe —M method
approximates the true phase function by a phase function consisting of a Dirac delta functigh-addLegendre
polynomials

M-1
p*() =2gM8(1 —v) + @1 —g™) D @k + Dx Pe(v) (5.43)
k=0
where " 1
* -9 1
XK = )gl_(_W and Xk = E/O p(w)Pk(v) dv (5.44)

When thes—M method substitutep*(v) — p(v), then both the albedo and optical thickness must also be changed,
a* — aandt* — t. This approximation is analogous to the similarity transformation often used to improve the
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diffusion approximation by moving a parg') of the scattered light into the unscattered component [14,31]. The
new optical thickness and albedo are

1—gM

*
ai
1—agM

*=@1-ag™)r and a'= (5.45)

This is equivalent transforming the scattering coefficienias= us(1— gM). The redistribution function can now be

written as
M—1

h* i vj) = Y 2K+ 1) x Pe(vi) Pe(vj) (5.46)
k=0
For the special case of a Henyey-Greenstein phase function,

Xk = (5.47)

5.3.3 Layer Initialization

Starting the adding-doubling method requires knowledge of the reflection and transmission operators for a thin slab.
Several methods exist for obtaining these operators: diamond initialization [24], infinitesimal generator [32], and
successive scattering [33]. Wiscombe found successive scattering to be the worst, and that diamond initialization was
better than the infinitesimal generator method about two-thirds of the time [34]. The optical thickness of the starting
layer At* varies with the smallest quadrature angle, since the optical thickness should satisfy [34].

AT <1y (5.48)

This relation between distance and angles is possible sincelattiAr* are dimensionless.
The basic idea behind diamond initialization is to rewrite the time-independent, one-dimensional, azimuthally-
averaged, radiative transport equation

aL a* 1
v (z, v) +L(z,v) = —/ h(v, v)L(z,v)dv (5.49)
at 2 1
in a discrete form as
oL (t, L
L EEED ) ) (5.50)
ot
a*

M
=3 ij [h(vi, vj)L(z, 2vj) + h(vi, —vj)L(x, :ij)]
j=1

When this equation is integrated over a thin layer frgjto ;" then get
Hvi[L(z{, £vi) — L(zg, £vi)] + At*Laja(Ev) (5.51)

*x M
a
= > Z Wi AT* [h(vi , vJ')L1/2(:|:Uj) + h(vi, —Vj)Ll/Z(:FVj)]
j=1

whereAt* = 77 — 7. The integrated radiandey 2(v) is

1[4
Li2(v) = A /* L(z,v)dt (5.52)
T

Diamond initialization assumes that this integral can be replaced by a simple average of the radiances at the top and
bottom of the layer,

1
Li2(v) = E[L(Ték, v) + L(zf, v)] (5.53)
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Figure 5. Geometry for calculating light transport through a slab with an index of refraction different from its envi-
ronment.

After suitable algebraic manipulations [24], Equation (5.52) can be used to express the reflection and transmission
of a thin layer with thicknesat* as

Rars = 2GB(§ij +A)™1  and  Tar = 2G — §j (5.54)
where
1 a* AT*
A = |=8§j|8j—=hTTc)—
[va "K" 2 ) 2
a*[ 1 AT*
B = —|=&|ht¢c 5.55
2 [ui ”} 2 (5-55)
and
G=I[8 +A-B@; +A)B]™* and c=[widj] (5.56)

These equations were used to obtain the starting reflection and transmission matrices for all the calculations in this
chapter.

5.3.4 Boundary Layers

Boundary conditions are included in the transport calculation by using the adding-doubling equations to add an addi-

tional layer thatimposes the necessary boundary conditions. The reflection and transmission matrices for this boundary
layer depend on the physics of the light interaction at the interface. For example, if we assume that specular reflection
is appropriate, then

r (v
Roi(vi, vj) = %(Sij
|
1—r) (ni2\?
Toi(vi,vj) = 72”( ) (n—;i> 8ij (5.57)
|

This equation assumes that light is passing from a medium (01) with an index of refragtiorto a medium (12)

with an index of refractiom;, (Figure 5). The reflection(v;) is the usual unpolarized Fresnel reflection coefficient.

The Kronecker delta makes both matrices diagonal; this ensures that light is specularly reflected at an angle equal to
the incidence angle. The square of the ratio of the indices of reflection accounts for the difference in radiance across a
mismatched boundary (due to refraction, also known asthkaw of radiance [35]). Finally, the factor of2ensures
conformity with our original definition of the reflection function.
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All the anglesv are for light inside the slab. As light leaves the slab it will be refracted and therefore the exiting
light angles will differ fromv. Some light will be totally internally reflected and therefore such angles in the slab do
not correspond to any physical angle outside the slab. By using interior angles, it is possible to (1) select angles that
would otherwise be impossible due to refraction, (2) let the reflection and transmission matricies for the boundaries
be diagonal, and (3) optimize the selection of quadrature angles for multiple light scattering. In a air-glass-slab
configuration, the critical angle is defined as that for light travelling from a material with index of refraction of the
slab to the outside—the presence of a glass slide does affect the maximum angle that light can exit the slab.

The reflection and transmission operators for light travelling from the medium (12) into the medium (01) are

RO, vj) = R%(wi, vj)

4

n

T, vj) = T, v)) <ﬂ> (5.58)
Ni12

Since light is refracted at the boundary, care must be taken to ensure that the incident and reflected fluxes are identified
with the proper angles. If a glass slide is present at the boundary, then either two separate boundary layers must be
added, or a single boundary layer that includes all the multiple internal reflection properties in the glass slide must be
used.

If equal boundary conditions exist on both sides of the slab then, by symmetry, the transmission and reflection
operator for light travelling from the top to the bottom are equal to those for light propagating from the bottom to
the top. Consequently only one set need be calculated. Let the top boundary be layer (01), the turbid slab layer (12),
and the bottom layer (23). Since the boundary conditions on each side are equal, iR?haver32, R10 = R23,

TOL = 732 andT10 = 723, The unusual numbering arises because light exits the medium at the top surface by going
from 1 to 0, and leaves though the bottom by going from 2 to 3. The reflection and transmission for the entire slab
including boundaries is

T03 — T10(E _ R20R10)-1702 (5.59)
and
R30 — T10(E _ R20R10)-1R20T01 4 RO1 (5.60)
where
T02 _ T12(E _ RI0R12)-1701 (5.61)
and
R20 — T12(E _ RI0R12)-1R10T21 | Q2L (5.62)

Further increases in efficiency may be made by exploiting the diagonal nature of the reflection and transmission oper-
ators for the boundary layers, since most matrix-matrix multiplications above become vector-matrix multiplications.

5.3.5 Example

In this section we show the intermediate calculations necessary for a turbid sample using four integration points. The
sample has a a single scattering albed@c£(0.9) and an optical thickness ¢f = 1). The scattering is characterized

by Henyey-Greenstein scattering with an anisotropygo 0.9). The index of refraction of the sampleris= 1.5,

and the index of refraction of the surrounding medium is unity. Light interaction at the boundary is assumed to follow
Fresnel reflection for unpolarized light.

The first step is to choose appropriate quadrature angles. In this example, the critical angle for total internal
reflection isf; = 41.8°, which means; = 0.745. Therefore two quadrature angles between 0 and 0.745 are chosen
using Gaussian quadrature and two angles between 0.745 and 1 are chosen using Radau quadrature. The resulting
guadrature angles and weights using Equations (5.32)—(5.35) are

" 0.16
| v | | 059
M= 1w | T 083

va 1.00
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Wi

w1
w2
w3
wa

0.37
0.37
0.19
0.06

(5.63)

Note that these angles are measured inside the slab, consequently the two smaller angles correspond to virtual angles
in the surrounding medium. These quadrature angles are only slightly different from angles obtained using only Radau

guadrature (Equation 5.8). However, the differences in accuracy are dramatic.

When scattering is specified by the Henyey-Greenstein phase function and the anisotropy is 0.9, dkih the
method requires that the optical depttbe replaced by* ~ 0.410. SinceAr* must be less tham, and we want
At - 2" = 1 (so thamn doubling steps will yield a slab with the desired thickness), we find that the largest value of
AT* possible isAt* = 0.102. This corresponds vt = 0.25 and just two doubling steps are needed to reaehl.
The redistribution function is found using Equation (5.46)

[ h— h~*t
h = ht- h++]

[ 161 130
1.30 194
0.66 196
i —0.04 174
[ 135 066
0.66 0.06
0.23 0.09
L L —0.03 035

066
196
316
424

023
009
012
015

~0.04 ]
174
424
685 |

—0.03 |
035
015

~0.37 |

1.35
0.66
0.23
-0.03

161
1.30
0.66
—-0.04

0.66
006
009
035

130
1.94
196
174

023
0.09
012
015

066
196
3.16
424

~0.03 ]
035
0.15
-037 |

-004 ]
174
424

6.85 |

(5.64)

Note that the bold face entries are the only unique values because of symmethy(-eig,—vj) = h(v, vj) and

h(vi, vj) = h@j, vj).

The reflection and transmission for the starting layer was found using diamond initialization. The reflection and
transmission matrices for the initial layekt = 0.25) are

R =

and

T=

0.69
0.11
0.03
—0.00

5.14
0.21
0.08
0.00

011
001
000
001

021
202
007
005

003
000
000
000

008
007
287
009

—0.00
001
000

-0.01

000
005
009
721

(5.65)

(5.66)

The negative entries in the reflectance matrix are the result of using a small number of quadrature angles to simulate
highly anisotropic scattering. Despite the impossibility of negative reflectances, the integrated quanatiesRy
are always positive. If the reflectance at a particular angle for light incident at a particular angle is of interest, then

many more quadrature points must be used. This ensures that the highly anisotropic phase functions are approximated
accurately. The transmission values on the diagonal of the matrix are much greater than one because unscattered light
is included. To include the unscattered light, it must be divided by a factowpf; 20 ensure that the definitions for
the integrated quantities, e.J, andTy are correct.

After doubling the layer thickness once, we have the reflection and transmission for érlay€x5) thick,

0.95 019 006 000
0.19 002 001 002

R= 0.06 001 001 001 (5.67)
0.00 002 001 -0.01
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and

315 032 013 001
032 179 013 010
T=1 013 013 261 017 (5.68)

0.01 010 017 663
Doubling once more yields matrices for a sample with the desired optical thickness

111 026 009 Q01
026 004 002 003
R=1 009 002 002 001 (5.69)

0.01 003 001 -0.02

and
124 Q039 018 Q03
039 143 022 Q17
T=1 018 022 218 029 (5.70)

0.03 017 029 560

The layers needed to account for internal reflection at the boundaries are found using the usual unpolarized Fresnel
reflection formula

[ 0.117 0 0 0
0 0.438 0 0
0 0 0024 0
0 0 0 Q005

(5.71)

and

[ 0000 O 0 0
0 0000 O 0
T= 0 0 0293 O (5.72)

. 0o 0o 0 0122

Adding these boundary layers to the top and bottom ofrthe 1 matrices yields the transport matrices for the entire
layer

852 000 000 000
000 228 000 000
R=1 000 000 041 007 (5.73)

0.00 000 007 048 |

and _
0.00 000 000 000
0.00 000 000 000
T= 0.00 000 192 029 (5.74)

0.00 000 029 519 |
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Many of the entries are zero because of total internal reflection inside the slab. The total reflection for normal irradiance
R is found using Equation (5.13). When values from (5.63) and (5.73) into this equation yields

R: = 2(0.83)(0.19)(0.07) + 2(1.00)(0.06)(0.48) = 0.08396 (5.75)
Similarly the total transmission for normal irradiance is
Te = 2(0.83)(0.19)(0.29) + 2(1.00)(0.06)(5.19) = 0.75391 (5.76)

The discrepancy between the final result and multiplying the terms out is the result of including only two decimal
places.

5.4 Calculations

This section gives tables of accurate four digit reflection and transmission results for various albedos and optical
thicknesses. The first four tables are calculations for slabs with matched boundary conditions. The last two tables give
reflection and transmission values for an air-glass-tissue-glass-air sandwich.

Tables 1 and 2 give reflection and transmission for collimated light normally incident on slabs of various optical
depths and albedos. Isotropic scattering was assumed for these tables. Values for reflection and transmission for
various optical depths = 2=° to r = 2° andt = oo are identical to those tabulated by van de Hulst [17].

Tables 3 and 4 give reflection and transmission for anisotropic scattering with a Henyey-Greenstein phase function.
Many values in this table are identical to those tabulated by van de Hust to r = 2% andr = o) [36].

The implementation of boundary conditions is verified by comparison with Giovanelli [37] who calculated re-
flection from a isotropically scattering semi-infinite slab bounded by glass slides. The indices of refraction were
Nslab = 1.333, Nglass = 1.532, andnoysige = 1.0. Giovanelli obtainsR; = 0.6541 fora = 0.99 and the adding-
doubling method yield&. = 0.6541. This is satisfactory since Giovanelli states that the fourth digit in his values is
guestionable. It is unfortunate that more tabulated values for mismatched boundaries are not available in the literature.

Tables 5 and 6 give reflection and transmission for a air-glass-tissue-glass-air sandwich. These values have not
been tabulated elsewhere, and may serve as reference values for testing Monte Carlo implementations and various
approximate models (e.g., diffusion).

5.5 Conclusions

The adding-doubling method has been implemented with boundary conditions and scattering functions similar to
those for many biological tissues. The intermediate details have been described for a sample calculation. The fast
and accurate nature of this method for any ratio of scattering to absorption, for any scattering anisotropy, and for any
boundary conditions make it useful for all one-dimensional light transport problems. The tabulated of reflection and
transmission may used to evaluate the accuracy of other light transport models.
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Total Reflection
Matched Boundaries

nja=1 a=99 a=9 a=9 a=8 a=6 a=4 a=.2
-15 | .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000
-14 | .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000
-13 | .0001 .0001 .0001 .0001 .0000 .0000 .0000 .0000
-12 | .0001 .0001 .0001 .0001 .0001 .0001 .0000 .0000
-11 | .0002 .0002 .0002 .0002 .0002 .0001 .0001 .0000
-10 | .0005 .0005 .0005 .0004 .0004 .0003 .0002 .0001
-9 | .0010 .0010 .0009 .0009 .0008 .0006 .0004 .0002
-8 | .0019 .0019 .0019 .0018 .0016 .0012 .0008 .0004
-7 | .0039 .0039 .0037 .0035 .0031 .0023 .0015 .0008
-6 | .0078 .0077 .0074 .0069 .0062 .0046 .0030 .0015
-5 | .0154 .0152 .0146 .0137 .0121 .0090 .0059 .0029
-4 | .0303 .0300 .0286 .0269 .0236 .0173 .0112 .0055
-3 | .0589 .0582 .0553 .0518 .0450 .0323 .0207 .0099
-2 | 1117 1101 .1039 .0965 .0824 .0573 .0356 .0167
-1 | .2025 .1989 .1851 1690 .1401 .0927 .0553 .0250
0| .3413 .3329 3017 .2674 2108 .1295 .0734 .0320
1| .5175 4975 4287 3616 .2659 .1510 .0820 .0349
2 | .6909 .6450 5124 4081 .2840 .1553 .0833 .0352
3| .8218 .7288 .5344 4148  .2853 1554 .0834 .0352
4 | .9036 .7513 .5355 4149 2853 1554 .0834 .0352
5| .9498 7527 .5355 4149 2853 1554 .0834 .0352
6 | .9743 7527 .5355 4149 2853 1554 .0834 .0352
7 | .9870 7527 .5355 4149 2853 1554 .0834 .0352
8 | .9935 7527 .5355 4149 2853 1554 .0834  .0352
9| .9967 7527 .5355 4149  .2853 1554 .0834  .0352

Table 1: Total reflection from a slab for normal irradiance as a function of optical depth 2") and albedo &).
Scattering is isotropic and the boundary conditions are matched.
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Total Transmission
Matched Boundaries

njia=1 a=99 a=9 a=9 a=8 a=6 a=.4 a=.2
-15| 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
-14 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 .9999 .9999
-13 | .9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999
-12 | .9999 .9999 .9999 .9999 .9999 .9998 .9998 .9998
-11 | .9998 .9998 .9997 .9997 .9997 .9997 .9996 .9996
-10 | .9995 .9995 .9995 .9995 .9994 .9993 .9992 9991
-9 | .9990 .9990 .9990 .9989 .9988 .9986 .9984 .9982
-8 | .9981 .9980 .9980 .9979 9977 9973 .9969 .9965
-7 | .9961 9961 .9959 .9957 .9953 .9945 .9938 .9930
-6 | .9922 .9922 .9918 9914 .9906 .9891 .9875 .9860
-5 | .9846 .9844 .9838 .9830 .9814 .9782 9751 9721
-4 | .9697 .9693 .9680 .9663 .9630 .9567 .9506 .9449
-3 | 9411 .9403 .9375 .9340 9272 9146 .9030 .8924
-2 | .8883 .8867 .8806 .8733 .8595 .8348 .8136 .7951
-1 | .7975 7941 .7808 .7654 .7378 .6928 .6577 .6296
0| .6587 .6510 .6226 .5916 5414 4714 4251 .3923
1| .4825 .4657 .4093 .3565 .2859 2111 1730 .1502
2| .3091 .2755 .1869 .1285 .0751 .0394 .0272 .0215
3| .1782 1221 .0408 .0160 .0046 .0012 .0006 .0004
4 | .0964 .0296 .0020 .0002 .0000 .0000 .0000 .0000
5| .0502 .0019 .0000 .0000 .0000 .0000 .0000 .0000
6 | .0257 .0000 .0000 .0000 .0000 .0000 .0000 .0000
7| .0130 .0000 .0000 .0000 .0000 .0000 .0000 .0000
8 | .0065 .0000 .0000 .0000 .0000 .0000 .0000 .0000
9| .0033 .0000 .0000 .0000 .0000 .0000 .0000 .0000

Table 2: Total transmission by a slab for normal irradiance as a function of optical depth2()) and albedod).
Scattering is isotropiog(= 0) and the boundary conditions are matched.
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Total Reflection
Matched Boundaries
g=>0 g=.5 g=.875
nla=6 a=9 a=99| a=6 a=9 a=99|a=6 a=.9 a=.99
-15| .0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0000
-14 | .0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0000
-13 | .0000 .0001 .0001| .0000 .0000 .0000| .0000 .0000 .0000
-12 | .0001 .0001 .0001| .0000 .0000 .0000| .0000 .0000 .0000
-11 | .0001 .0002 .0002| .0000 .0001 .0001| .0000 .0000 .0000
-10 | .0003 .0004 .0005| .0001 .0002 .0002| .0000 .0000 .0000
-9 | .0006 .0009 .0010| .0002 .0003 .0003| .0000 .0001 .0001
-8 | .0012 .0018 .0019| .0004 .0006 .0007| .0001 .0001 .0001
-7 | .0023 .0035 .0039| .0008 .0012 .0013| .0001 .0002 .0002
-6 | .0046 .0069 .0077| .0016 .0024 .0028| .0003 .0004 .0005
-5 | .0090 .0137 .0152| .0031 .0048 .0053| .0005 .0008 .0009
-4 | .0173 .0269 .0300| .0060 .0096 .0107| .0010 .0016 .0018
-3 | .0323 .0518 .0582| .0114 .0190 .0216| .0019 .0033 .0037
-2 | .0573 .0965 .1101| .0208 .0375 .0438| .0035 .0064 .0076
-1 ] .0927 .1690 .1989| .0352 .0720 .0879| .0059 .0125 .0157
1295 2674 .3329| .0528 .1298 .1707| .0089 .0238 .0327
1510 .3616 .4975| .0658 .2045 .3053| .0116  .0422 .0691
1553  .4081 .6450| .0698 .2612 4698 | .0128 .0657 1417
1554  .4148 .7288| .0700 .2770 .6001| .0129 .0826 .2584
1554 4149 .7513| .0700 .2778 .6561| .0129 .0864 .3753
.1554 4149 .7527| .0700 2778 .6644 | .0129 .0866 4311
1554 4149 .7527| .0700 .2778 .6646| .0129 .0866 .4395
1554 4149 .7527| .0700 .2778 .6646| .0129 .0866 4397
1554 4149 .7527| .0700 .2778 .6646| .0129 .0866 4397
1554 4149 .7527| .0700 .2778 .6646| .0129 .0866 4397

oo ~NOoOUO~AWNEO

Table 3: Total reflection for normal irradiance as a function of optical depth 2") and albedod) for three different
anisotropiesd = 0, g = 0.5 andg = 0.875) using a Henyey-Greenstein phase function and matched boundary
conditions.
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Total Transmission
Matched Boundaries

g=>0 g=.5 g=.875
njla=6 a=.9 a=99|a=6 a=9 a=99|a=6 a=.9 a=.99
-15| 1.0000 1.0000 1.000Q 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
-14 | 1.0000 1.0000 1.000Q 1.0000 1.0000 1.000Q 1.0000 1.0000 1.0000
-13 | .9999 .9999 9999 | 9999 1.0000 1.0000 .9999 1.0000 1.0000
-12 | .9998 .9999 19999 | .9999 9999 1.0000 .9999 1.0000 1.0000
-11 | .9997 .9997 .9998 | .9998 .9999 19999 | .9998 .9999 1.0000
-10 | .9993 .9995 .9995| .9995 .9998 .9998 | .9996 .9999 1.0000
-9 | .9986 .9989 9990 | .9990 .9995 9996 | .9992 .9998 .9999
-8 | .9973 .9979 .9980| .9980 .9990 .9993| .9984 .9995 .9998
-7 | .9945 .9957 9961 | .9961 .9980 .9986 | .9967 .9990 .9997
-6 | .9891 .9914 9922 | .9921 .9960 9972 | .9935 .9980 .9994
-5 | .9782 .9830 .9844 | .9843 .9920 .9944 | 9870 .9960 .9988
-4 | .9567 .9663 9693 | .9685 .9839 .9886| .9741 9921 9975
-3 | .9146 .9340 9403 | .9372 9675 9770 | .9487 .9841 .9950
-2 | .8348 .8733 .8867| .8758 9341 .9533| .8993 9679 .9898
-1 | .6928 .7654 .7940| .7602 .8672 .9057| .8068 .9354 9790
0| .4714 .5916 .6510| .5629 7391 .8145| .6458 .8702 .9558
1] .2111 .3565 4657 | .2955 5233 .6603| .4067 .7432 .9057
2| .0394 .1285 .2755| .0744 .2505 4527 | .1539 5212 .8001
3| .0012 .0160 1221 | .0041 .0544 .2438| .0197 .2335 .6081
4 | .0000 .0002 .0296 | .0000 .0025 .0860| .0003 .0410 3521
5| .0000 .0000 .0019| .0000 .0000 .0120| .0000 .0012 .1263
6 | .0000 .0000 .0000| .0000 .0000 .0002| .0000 .0000 0171
7 | .0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0003
8 | .0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0000
9 | .0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0000

Table 4: Total transmission for normal irradiance as a function of optical depth 2") and albedo ) for three
different anisotropiesq = 0, g = .5 andg = 0.875) using a Henyey-Greenstein phase function and matched
boundary conditions.
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Total Reflection
Glass Boundaries
g=>0 g=.5 g=.875
nla=6 a=9 a=99|a=6 a=9 a=99|a=6 a=.9 a=.99
-15| .0789 .0790 .0790| .0789 .0790 .0790| .0789 .0789 .0789
-14 | .0790 .0790 .0790| .0789 .0790 .0790| .0789 .0789 .0790
-13 | .0790 .0790 .0790| .0789 .0790 .0790| .0789 .0789 .0790
-12 | .0790 .0790 .0790| .0790 .0790 .0790| .0789 .0790 .0790
-11 | .0790 .0791 .0791| .0790 .0790 .0791| .0789 .0790 .0790
-10 | .0790 .0792 .0793| .0790 .0791 .0792| .0789 .0790 .0790
-9 | .0791 .0795 .0797| .0790 .0792 .0794| .0789 .0790 .0790
-8 | .0793 .0801 .0805| .0790 .0795 .0799| .0789 .0790 .0791
-7 | .0796 .0812 .0821| .0790 .0801 .0808| .0788 .0791 .0793
-6 | .0801 .0834 .0853| .0791 .0812 .0825| .0786 .0792 .0797
-5 | .0813 .0878 .0915| .0793 .0834 .0861| .0782 .0795 .0804
-4 | .0835 .0962 .1037| .0795 .0877 .0932| .0774 .0800 .0819
-3 | .0875 .1120 .1269| .0800 .0959 .1069| .0760 .0809 .0850
-2 | .0939 .1399 .1695| .0804 .1107 .1331| .0732 .0827 .0910
-1 | .1025 .1831 .2408| .0801 .1348 .1801| .0682 .0857 .1029
.1098  .2348 3429 | .0775 .1659 .2547| .0606 .0902 .1263
1123 2721 4569 | .0724  .1883 .3482| .0518 .0944 .1693
1122 .2835 .5540| .0693 .1905 4339 | .0464 .0920 .2328
1122 .2845 .6134| .0691 .1886 4973 | .0454 .0823 .2875
1122 .2845 .6307| .0691 .1885 .5273| .0454 .0786 .3096
1122 .2845 .6319| .0691 .1885 .5320| .0454 .0784 .3165
1122 .2845 .6319| .0691 .1885 .5321| .0454 .0784 .3176
1122 .2845 .6319| .0691 .1885 .5321| .0454 .0784 .3176
1122 .2845 .6319| .0691 .1885 .5321| .0454 .0784 .3176
1122 .2845 .6319| .0691 .1885 .5321| .0454 .0784 3176

oo ~NO OO~ WNEO

Table 5: Total reflection as a function of optical depth={ 2") and albedod) for three different anisotropieg & 0,
g = .5, andg = 0.875) using a Henyey-Greenstein phase function. The slak, (= 1.4) is bounded by glass
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Total Transmission
Glass Boundaries
g=>0 g=.5 g=.875
nla=6 a=9 a=99|a=6 a=9 a=99|a=6 a=.9 a=.99
-15| .9210 .9210 .9210| .9210 .9210 .9210| .9210 .9210 9211
-14 | 9210 .9210 .9210| .9210 .9210 .9210| .9210 .9210 .9210
-13 | .9210 .9210 .9210| .9210 .9210 .9210| .9210 .9210 .9210
-12 | 9209 .9209 .9209| .9209 .9210 .9210| .9209 .9210 .9210
-11 | .9207 .9208 .9208| .9207 .9209 .9209| .9208 .9210 .9210
-10 | .9203 .9205 .9206| .9204 .9207 .9208| .9206 .9209 .9210
-9 | 9195 .9200 .9202| .9198 .9203 .9205| .9202 .9207 .9209
-8 | .9180 .9189 .9193| .9186 .9196 .9200| .9194  .9204 .9208
-7 | .9151 9167 9176 9162 .9181 .9190| .9177 .9198 .9205
-6 | 9091 .9123 .9142| 9114 9151 .9170| .9144 9185 .9200
-5 | .8973 .9037 .9075| .9018 .9092 .9130| .9077 .9159 .9189
-4 | .8741 .8868 .8942| .8829 .8975 .9050| .8946  .9107 .9168
-3 | .8294  .8540 .8689 | .8462 .8745 .8893| .8688  .9003 9125
-2 | .7465 .7925 .8220| .7768 .8299 .8592| .8191 .8796 .9038
-1 | .6043 .6842 .7417| .6535 .7468 .8040| .7275 .8386 .8861
3952 5149 .6210| .4605 .6046 .7116| 5718 .7590 .8501
.1682  .2988 4696 | .2266  .3999 .5812| .3495 .6139 .7786
.0299 .1038 .3042| .0535 .1805 4252 | 1266  .3918 .6521
.0009 .0127 .1447| .0028 .0382 .2504| .0154 .1568 4770
.0000 .0002 .0358| .0000 .0017 .0924| .0002 .0259 .2823
.0000 .0000 .0023| .0000 .0000 .0130| .0000 .0007 .1039
.0000 .0000 .0000| .0000 .0000 .0003| .0000 .0000 .0142
.0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0003
.0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0000
.0000 .0000 .0000| .0000 .0000 .0000| .0000 .0000 .0000

oo ~NO OO~ WNEO

Table 6: Total transmission as a function of optical depth=( 2") and albedo d) for three different anisotropies
(g = 0.0,g = 0.5 andg = 0.875) using a Henyey-Greenstein phase function. The sligky, & 1.4) is bounded by
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